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MomeueHHble U HenomMeYveHHble 00beKThI (RS

MaTemaTumKa.
Mnaea 9.
Mepevncnenne
HEMOMEYEHHbIX
obbeKTOoB.

e Bo MHOrMx KOMBMHATOPHLBIX 3aa4ax OTBET U TPYSHOCTb Ero HaXOXAEHUS
CYLLECTBEHHO 3aBUCAT OT TOrO, PaCCMaTPUBAIOTCS JI MOMEYEHHbIE UK
HEMOMEeYEHHbIE 0DBEKTBI. A. B. Macrop

e Hanpumep, CkoNbKO CyLLECTBYET pa3nnyHbix rpacdo Ha n BepwmnHax? OTeer Ha

STOT BOMPOC 3aBUCUT OT TOrO, Kakue rpadbl Mbl Byfem cHuTaTh pasanyHbIMM.

2

1. MycTb n BepwmnH 3aHymepoBaHbl Yncnamu oT 1 go n. Toraa y Hac ectb C;
nap BEpLUMH, KAXKAYIO U3 KOTOPbIX MOXHO COEAVNHUTL WU HE COEAUHUTL

pebpom. VToro, nonyyaem 2G = 2% pasnunyHbIX rpacos.

— [padbl, BCe BEpLWNHBI KOTOPbIX 3aHYMEPOBaHbLI HAaTYpaibHBIMU YUCAAMY
ot 1 po v(G) Ha3biBalOT noMeYeHHbIMY, @ NOJYHEHHOE BbILLE KOJIMHECTBO
rpadoB — 3TO YUC/0 MOMEHEHHbIX rPaghOB Ha N BEPLUMHAX.

2. CoBceM apyroii pesynbTaT NoJiy4aeTcsi, eC/ivi HUKAKMX NMOMETOK
Ha BEpLUMHaX HeT N BCE BEPLUMHBbI CHUTAIOTCS ULEHTUYHBLIMU.

— Hanomuum, yto nsomopgbusmom rpacgpos G; n G, HasbiBaeTcs
buekumns ¢: V(Gy) = V(Gy), yoonetsopstowas ycnosuo
Vx,y € V(G1) (xy € E(G1) «— p(x)p(y) € E(G2)).

— Camu rpacbbl Gy 1 G B 3TOM cayvae Ha3bIBAOT M30MOPHbLIMU.
ObosHaueHune: G = Go.



padpbl ¢ TOoYHOCTLIO A0 U3oMopdur3ma Avckpernas

MaTemaTuka.
Mnaea 9.

e [o cyTu, ecnm mbl CTUpaeM NOMETKM Ha BepluMHax rpada, To Mbl NepecTaem Mepeumcnenne
HEeNomMe4YeHHbIX

pasnn4yaTh usomopdHble Apyr apyry rpadbl. Torga BO3HUKAET BONPOC O obexTos.

Konun4ecTse rpadoB ¢ TOYHOCTBLIO [0 U30MOPEU3IMA. A.B. Mactop

» Jlerko BuAeTb, HTO N30MOPGHOCTL ABYX MOMEHEHHbIX rpadoB — 3TO
OTHOLLEHVE SKBMBANEHTHOCTN. A MHTEPECYIOLLEE HAC KOIMYECTBO rpadhoB
C TOYHOCTbLIO A0 W30MOPGU3Ma — 3TO YNCIO KNACCOB SKBUBANEHTHOCTN.
[Mpumep
Ectb 20 = 64 nomeyeHHbIx rpachos Ha 4 BeplunHax, HO Bcero 11 nonapHo
HemsoMopdHbIx rpadoB Ha 4 BepLUMHAX.

.. l. L. [ 78 N 'l

[l X % X



PacctaHoBka nometok n asTomopdu3smbl rpada N IEEER:

MaTemaTuKa.

- I 9.
e [NocmoTpum Ha 3TOT BoOmpoc ¢ apyroii ctopoHbl. CKoNbKO ecTb cnocobos Meponenenme
paccTaBUTb MOMETKU Ha BEPLUMHAX AAHHOrO HeromeyeHHoro rpada’? o T
e [Ipyrmu cnoBamu, CKONIbKO MOMEYEHHBIX rpachoB BXOAAT B AaHHbIA Kiacc A.B.Mactop
3KBUBAJIEHTHOCTN?

» KonuyecTBo K1acCOB 3KBUBANEHTHOCTMN BbIIO Bbl Nerko nocynuTaTh, ecan bbl BCe
KacChl COAEpXKain OANHAKOBOE 4ncio anemeHToB. OfHako, 3TO, yBbI, HE TakK.

» Hanpumep, o4eBUAHO, 4TO MOMHBIA rpad SBASETCS €ANHCTBEHHBIM 3J1EMEHTOM
CBOEro ksacca sksusaneHTHocTn. Ho ectb n(n — 1)/2 nomeyeHHsix rpacos
Ha N BEpLUMHAX POBHO C OAHUM PebpPOM — 1 BCe OHU M3OMOPCHBI.

e Bcero ectb n! cnocoboe pacctaBuTb NOMETKU Ha AaHHbIX N BeplimHax. Ho
HEKOTOpbIE N3 3TUX CNOCOBOB MOTYT [aBaTb OAUH U TOT XKe NoMeYeHHbIl rpad.

» To ecTb rpad MOXeT okasaTbcs nsomopdeH cam cebe.

Onpegenenne
e AsTomopcpusmom rpacdpa G HasbiBaeTcst usomopdpusm ns G s G.

e MHoxecTBo BCex aBToMmopdun3mos rpacpa G obosHaqaetcs Aut(G).



pynna asTomopcuramos rpacpa N IEEER:

MaTemaTuka.
Mnaea 9.

Mepevncnerne
3aMeL{aHVIe HEMOMEYEHHbIX
e /ITak, aBTOMOphM3M rpacha — 3TO MepecTaHOBKAa Ha MHOXECTBE €ro BEPLLUMH, obrekToR.

A. B. Mactop

COXpaHALWas OTHOWEHNE CMEXHOCTN.

e MycTb BepwuHbl rpacba G 3aHymepoBaHbl Yucnamu ot 1 go n.
Torpa Aut(G) C S,.

VTBepxaeHue
Aut(G) < S,.
[Nokazatenscteo. OyeBugHo, 4to e € Aut(G). Janee HyxxHO npoBepnTb
3aMKHYTOCTb OTHOCUTENbHO YMHOXKEHUA 1 B3ATUS 0BpaTHOrO 31eMeHTa.

e Nyctb ¢, 1) € Aut(G). MNMockonbky ¢ n 1) — bruekunm, X KOMNO3NLUNS —
Takxe buekuus. Janee, gns nobbix x,y € V(G) nmeem

xy € E(G) <= ¢(x)¢(y) € E(G) <= @(¢¥(x))e(v(y)) € E(G).

e [yctb p € Aut(G). Mockonbky ¢ — BuekLns, COXpaHsItOLLAst OTHOLLIEHME
CMEXHOCTU, TO ¢~ 1 — Takxke buekuus, coxpaHsiiolasi OTHOLIeHe

CMEXHOCTH. L]



pynna asTtomopcun3amos n eé ceoiicTsa ANTEEER:

MaTemaTuka.
Mnaea 9.

Ol‘lpeﬂ,eﬂeHme Mepeuncnenve

HEeNomMe4YeHHbIX
Onpegenennas eoiwe rpynna Aut(G) HasbiBaeTcs rpynnoii aBToMophu3mMosB obwekToB.
rpadaa G A.B.Mactop
VTBepxaeHue

1. Ecnm Gy = Gy, 1o Aut(Gy) = Aut(Gp);
2. ans noboro rpacpa G seinonHeHo Aut(G) =2 Aut(G).

3ameyvaHue

e To ectb rpynnbl aBToMopdr3MoB U30MopdHbIX rpaddoB BCErga N30MOpPHbI.
e Ho obpaTtHoe HaBepHoe. Hanpumep, nerko noctponTs rpad, He n3oMopdHbIii
cBoemy fonosHeHnto. Y aTux rpadoB rpynnbl aBToMopdun3amos bygyT
n3omopcpHbl, a camu rpadbl — HeT.

e [Nopsgok rpynnbl aBTOMOPGN3MOB TECHO CBA3aH C YNCIOM CMNOCOBOB
paccTaBUTb MOMETKM Ha BEpLUMHAX AAHHOrO HermomeyeHHoro rpada

(nnm, 4TO TOXKE CaMoe, C Pa3MepOM KJacca SKBNBANIEHTHOCTM MO OTHOLLEHNIO
N30MOPGHOCTY, COAEPXKALLErO AAHHbIA NOMeYeHHbI rpad).



pynna aBTomopd13moB 1 4ncno cnocoboB paccTaBuTb NOMETKM PEEETEL

MaTemaTuka.
Mnaea 9.

ﬂeM Ma Mepevncnerne
- n! HEMOMEYEHHbIX

Mycts G — nomeyennnlii rpacp u n = v(G). Torga cywecTsyeT poBHO ARG o6wexTos.

MOMEYEHHbIX TPAaChOB HA TOM XKE MHOXECTBE BEPLUNH, N30MOPhHbIX G. R[5 e

[okazatensctso. He ymansist obwHoctu bygem cuntats, yto V(G) = [1..n].
e [lyctb G, — MHOXECTBO BCEX MOMeYeHHbIX rpachoB Ha MHoxecTse [1..n].

e PaccmoTpum cnepytoliee aeiictene rpynnsl S, Ha MHOoXecTBe G,
> ans nwobeix o € S, u H € G, obosHaunm yepes o H rpad ¢

V(eH) = [1..n] u E(cH) = {o(x)a(y) | xy € E(H)}.
e Torpa
» (G) — MHOXecTBO BCex rpacdoB Ha MHoxecTse [1..n], nsomopdHbix G;
> St(G) = Aut(G).
e CnepoBaTenbHO, NO TEOPEME 13 Kypca anrebpbl nosyvaem, 4To

B |Sh| B n!
e1= 56 = (e




HAuckpeTHasn

3apayum o packpaluMBaHUK OXKepeJibs puckpeTian
Mnaea 9.

o Mepevncnerne

® Cew-lac Mbl OTJIOXKNM Ha HEKOTOPOE BpPEMA 3adaqy O nepeHncneHnin HEMoMeYEeHHbBIX

obbeKTOoB.

HEMoMeYeHHbIX rpadhoB N paccMoTpum ABe bonee NpocThle 3a4a4m o
NEPEYNCTIEHNN HEMNOMEYEHHBIX OOBEKTOB.

1. Ha okpy»xHOCTN paccTaBneHbl n Touek, pa3busatowime eé Ha paBHbIE Oyru.
CkonbknmMmn cnocobamy MOXKHO PacKpacuTb 3T TOYKW B a LBETOB, €C/N
pacKpacku, oTanYaroLmecs Apyr oT Apyra NOBOPOTOM OKPY>XHOCTMH,
CYNTALOTCA OAMHAKOBLIMUT

— Kak obbluHO, nog packpackoii MHOecTBa M B a LLBETOB Mbl NOHMMaeM
oTobpaxetue c: M — [1..a].

— HedopmanbHas dopmynupoeka: [aHa kapycenb ¢ n OANHAKOBLIMY
kabunkamun. CkoNbKMMM cnocobaMnm MOXKHO packpacuTb KabuHkn B a uBeToB?

2. ToT ke BOMpOC, HO OAUHAKOBBLIMU CHUTAIOTCA Packpacku, oTauMyatoLmnecs
nnbo noeopoTom, NnMbo oceBoil cMMMeTpUeii.

— HedopmanbHas dopmynnposka: [laHo oxepesnbe ¢ n 0OANHAKOBLIMY
bycrtkamun. Oxxepesibe MOXHO Kak YrofHO MOBOPaYMBaTh U NEPEBOPAYNBATH.
CkoNbKUMYN Crnocobamu MOXKHO packpacuTb ByCUHKN B a LBeTOB?

A. B. Mactop



MpocToi 4acTHbIA cnyyvaii 3aga4m 0 Kapycensx

VTBepxaeHune

2] _
llyctb p € P. Torga cywjecTByeT poBHO % +a= w pPAaCKpacoK p TO4YEK
Ha OKPYXHOCTU B a LIBETOB, €CJAN PACKPACKU, OTINYAIOLNECS] APYr OT ApPyra

MOBOPOTOM OKPYXHOCTY, CHUTAIOTCS] OfUHAKOBLIMU.

[okazaTenbcTBo. 3aHyMepyeM BCe TOYKM B MOPsiAKE OOXOAa MO YaCOBOW CTPEsKe
yucnamm ot 0 go p — 1.

e Homepa Touek Mbl byaem paccmaTpuBaTb MO MOZYAO p.

» To ecTb MOXKHO CHUTATb, HTO Mbl HYMEpyeM TOUKM
snemeHTamu konbua Z/pZ.

21k :
e Toraa NoBOPOT OKPY>XXHOCTW Ha yron <7~ NepeBOANT TOYKY C HOMEPOM i

B TOYKY HOMep | + k.
» Yucno k TakKe MOXHO paccMaTpmBaTb KakK 37eMeHT konbua Z/pZ.
» To ecTb BCEro NoJiy4aem p pasinyHbIX NMOBOPOTOB.

e PaccmoTpum npousBonbHyto packpacky c¢: Z/pZ — [1..a] Touek oKpyXHOCTU
B 3 LYBETOB.

HAuckpeTHasn
MaTemaTuka.
Mnaea 9.
Mepevncnenne
HEMOMEYEHHbIX
obbeKTOoB.

A. B. Mactop



MpocToi 4acTHbIA cnyyvaii 3aga4m 0 Kapycensx ANTEEER:

MaTemaTuka.
Mnaea 9.

e [lokaxkem, 4TO ANsi pacKpacKu C BbINMOJAHEHO POBHO OZHO W3 CAeAyOLLUX LBYX

Mepevncnenne
' HEMOMEYEHHbIX
yTBep)K!qu nn: 06BEKTOB.
> Anbo packpacka He W3MEHSIETCS HU MPU KakoM noBopoTe (1 Toraa usera A.B.Macrop

BCEX TO4YEK OAI/IHaKOBbI);
» nubo Bce P BO3MOX>XHbIX MOBOPOTOB NMPUBOAAT K pPa3JIN4HbIM paCKpacCKaM.

e [lycTb packpacka ¢ He 3MeHMIachb MpU NOBOPOTE Ha YroJi % roe 0 < k < p.
» Torpa c(0) = c(k) = c(2k) = ... = c((p — 1)k).
» 3ametum, yto 0, k,2k,...,(p — 1)k — ato BCe anemenTbl KonbLa Z/pZ.

> CJ'Ie,D,OBaTeﬂbHO, LUBE€Ta BCEX TOYEK Npn paCKpacCke C O4NHAKOBbI.

e Bcero ectb aP pasnuyHbIx packpacok nomedeHHbix Todek. Cpeau Hux ecTb

p_
a opHougeTHbIx. OcTanbHble aP — a packpacok pasbusatotcs Ha 2—2
SKBWBAJIEHTHOCTU, MO P PACKPACOK B KaXKLOM.

aP—a
P

KN1aCCoB

e lToro, nonyyaem + a packpacok C TOYHOCTbIO [0 MOBOPOTA. O

Cnepctere (Manas teopema Pepma)
Myctbae NupeP. TorgaaP —a: p.



HAuckpeTHasn

Knaccbl akBnBasileHTHOCTU U AeﬁCTBVIe rpynnbl Ha MHO>XeCTBe
MaTemaTumKa.
- Mnaea 9.
e OnuncaHHblli Bbiwe MEeTOoL TPYAHO MPUMEHATHL K 06L|_|,emy CNy4daro 3afa4m O pacKpacke Tt
OoXXepenbs (I/IJ'IVI Kapycenm), NOCKONIbKY NMpU COCTAaBHOM N BO3MOX>XHbl HETPUBNAJIbHbIE HernomeYeHHbIX
obbeKTOoB.

packpacku, nepexogsime B cebsi Npu NOBOPOTE Ha HEHYNEBOV Yro.
e [NoaTomy paBaliTe NOCMOTPUM Ha 3TW 3a4a4U C TOUKW 3PEHUsl TEOPUN rpyn. A B flacrop
[ ] BO BCEX 3aAa4ax O NepeHNCNeHNN HENOMEHEHHbIX O6'beKTOB Mbl NLLEM KOJINYECTBO
KN1aCCOB 3KBUBAJIEHTHOCTWU, HA KOTOPbIE pa36|/|BaeTc5:| MHOXECTBO NOMEYEHHbIX
0b6BbEKTOB.
e Knacchbl 3kBUBaNeHTHOCTN 0bpasytoTcs B pesyabTaTe NPUMEHEHUS! K MOMEYEHHbIM
obbekTaM HEKOTOpbIX npeobpaszosanuii. Kak npaeuio, 3Tn npeobpasosaHus obpasytoT
rpynny.
» B cnyuyae 3agauu o packpacku kapycenum, npeobpasoBaHue — 3TO MOBOPOT;
»> B C/lydae 33341 O PaCKPaACKM OXKepesibsi — MOBOPOT UM OCEBAsi CUMMETPUS;

»> B C/lydae 33ayu o nepedmcnennn rpacos, npeobpasosaHue — 310 ntobas
NepecTaHOBKa Ha MHOXECTBE €ro BEPLUMH.

e B ntobom 13 3Tux cnydaes, Mbl UMeeM €0 C AelCTBUEM HEKOTOPOIA rpynnbl Ha
MHOXECTBE MOMeYeHHbIX 00beKTOB. VIHTepecytoLne HaC KNacchl 3KBUBANEHTHOCTN —
3TO OpbUTHI 31IEMEHTOB MHOXECTBA NPU JaHHOM AelCTBUN.



Jlemma BepHcaiipa Duckperhan

MaTemaTuka.
Mnaea 9.

Mepevncnenne

HEMOMEYEHHbIX
Oﬂpeﬂ,eﬂeH ne 06BbEKTOB.
MycTb 3apaHo geiicTeue rpynnbl A Ha MHoxecTBe X. Toraa ans nwboro o € A A.B. Macrop

. def
e Fix(a) = {x € X | ax = x} — MHOXeCTBO HENOABUXHBIX TOHEK dNEMEHTA (;

e 3neMeHTbl MHOXecTBa Fix(a) — HenogBuxHble Touky anemeHTa .

VTBepxaeHue

> [Fix(a)[ = 2 ISt(x)].

acA xeX
[okazatensctso. Obe vactn paeHbl [{(a, x) € A x X | ax = x}|. O

Teopema (Jlemma BepHcaiiga)

Konnyuectso opbut peiictaunsi rpynnsi A Ha MHoxecTBe X paBHO ﬁ > |Fix(a)].
acA

d
[okazatensctso. Npnceonm Kaxgomy snemenTy x € X Bec w(x) = Ik

e Torga cymma BeCOB 3/1eMeHTOB /10boi opbuTsl pasHa 1.



HAuckpeTHasn
MaTemaTuka.
Mnaea 9.
Mepevncnenne
HEMOMEYEHHbIX
obbeKTOoB.

JokazatenbctBo nemmbl BepHcaiiga

A.B. Mactop

e CnepoBaTenbHO, CyMMa BECOB BCEX 3JIEMEHTOB MHOXecTBa X paBHa
KOJIMYeCTBY opbuT (0603Ha‘-|VIM ero N).
o Torga N = Z e z ook = o 2 ISt = g X [Fix(a). O

XEX acA
3amedaHue
[lokasaHHoe Bblle yTBepXAeHne obbl4HO HasbiBatoT sieMMoii Beprcaiiga. Ho oHo
66110 nssectHo n paHee. Cam William Burnside B ceoeii kHure “Theory of Groups
of Finite Order” 1897 roga Ha3biBan NepBOOTKPLIBATENEM STOR JIEMMBbI
®poberunyca. Ho cyas no Bcemy, 310 yTBepXKAEHNE DbINO N3BECTHO €LLe paHbLUE.



3apayva o kapycensx: obwumii cnyyai ANTEEER:

MaTemaTuka.
Mnaea 9.

TeOpeMa Mepevncnerne
1 d HEMOMEYEHHbIX

n 6 o

llyctb a,n € N. Torga cywectsyet posHo - p(5)a packpacok n Toqek Ha obwexTos
d|n A. B. Mactop

OKPYXXHOCTU B a LYBETOB, €C/IN PACKPACKW, OT/INHaroLymnecs apyr oT Apyra
MOBOPOTOM OKPYXXHOCTH, CHUTAIOTCS OANHAKOBLIMU.

[okazaTenbctBo. Kak u paHee, 3aHyMepyem TOUKUM Ha OKPY>KHOCTM SNIEMEHTaMu
konbua 7/ nZ.

e Mycte X = {c| c: Z/nZ — [1..a]} — MHOXeCTBO BCEX PacKPacoK TOHeK
B @ L|BETOB.

e [ToBOpPOTHLI OKPY>XHOCTW MOXHO pPacCMaTpMBaTb Kak AeiCTBUE LUKINYECKONA
rpynnel C, nopsiika N Ha 3TOM MHOXECTBE.

27
» [lyctb obpasyrouwias ¢ rpynnbi C, COOTBETCTBYET NOBOPOTY Ha yron =<r.

» Torpa anemeHT €k cooTeeTcTBYeT NOBOPOTY Ha yron 27K

n
e MycTb packpacka ¢ SIBASIETCS HEMOABVXHOW TOYKOM A5 dnemeHTa X,
e [lokaxkeM, 4TO packpacka ¢ siBnsietcs d-nepuoanydHoii, rae d = (k, n)

(t.e. uto Vi(c(i) = c(i + d))).



3apayva o kapycensx: obwumii cnyyai ANTEEER:

MaTemaTuka.
Mnaea 9.

e lNyctb d = sk + tn — nuneiiHoe npeactaenenne HOZ.

Mepevncnenne
. . . . HEMOMeYeHHbIX

e Torpa c(i) = c(i + sk) = c(i + sk + tn) = c(i + d). ofvexTos.
e ObpaTHo, Nobass d-nepruognyHas packpacka, O4eBUAHO, ABASETCS A.B.Mactop

HeNnoOABWXXHOI TOYKOW ANst dNeMeEHTa ek,

e UTtak, Fix(ek) — 3To B TO4HOCTM MHOXECTBO BCex d-NeproanYHbIX PacKpacok,
roe d = (k, n).

e Torpa |Fix(¢)| = a“, nockonbky niobas d-nepuoanynas packpacka
OfIHO3HA4YHO 3ajaeTcs usetamu Todek 0,1,....d — 1.

d

e CnepoBaTensHo, no nemme bepHcaiiga, 4ncno packpacok ¢ TOYHOCTLIO A0

n—1
NMoBOpPOTa PaBHO % > alk:n).,

k=0
e [lanee, 3anuwem yncna k n n 8 euge k = kyd n n = nid. Torga (ki,ny) = 1.
To ectb 4ncno k; MoxHo BbIbpaTh (n1) cnocobamu. CnegosaTenbHo,

cyllecTsyeT poBHO ((5) Takux k, 4to d = (k, n).
e
e Takum 0b6pasom, 4MCNO packpacok pasHo + > alkon) = 15 p(8)ad.

k=0 d|n

O



3apayva ob oxepenbe: obwuii cnyyaii N IEEER:

MaTemaTuka.
Mnaea 9.

TeOpeMa Mepevncnerne
HEMOMEYEHHbIX

Myctb a, n € N. Obo3naqum yepes B(n, a) konudectso packpacok n Todek cleamee:

Ha OKPY>XHOCTU B a LYBETOB, €C/IN PaCKPACKU, OT/INHAIOLMNECS APy OT Apyra CEEBILEED

[OBOPOTOM OKPYXHOCTU UJIN OCEBOI CUMMETPUEN, CHUTAIOTCS O4UHAKOBLIMU.
Toraa

° B(n,a) = ZSO(

e B(n,a) = ng(g)a + (aH), npy n=2m.
d|n
HokazaTenbcTBo. B oTamyum oT npegpiayLieii Teopembl, 30eCb HY>XHO
paccMaTpuBaTh Ha MHOXXECTBE BCEX PAacKpacok aeiictaue rpynnbl Dp,.
> Dn — 3TO rpynna CaMOCOBMeLL{eHVIﬁ npaBunibHOro n-yroJibHrMKa nnn
AvsapasibHas rpyrnna.
» B aToii rpynne 2n 3/1eMeHTOB: N N3 HUX COOTBETCTBYIOT MOBOPOTAM,
OCTaBLUINECA N — OCEBbIM CUMMETPUAM.
» Takxe 3Ty rpynny MOXHO NpeacTaBiATb cebe Kak rpynny aBTOMOpCbVI3MOB
LMK Ha n BEPLUNHAX.

) % apmn=2m-—1;

Qls



3apayva ob oxepernbe: ob0WNii cny4yaii N IEEER:

MaTemaTumKa.
Mnaea 9.

ok Mepevncnenne
o Mbl y)Ke 3HAEM, HTO YNCNO HEMOABUXXHbLIX TOYEK nOBOpOTa Ha erJ'l “n He”ZMe‘*eHHb'X
obbeKTOoB.
(k,n)
paeHo a ) A.B.Mactop

e [locunTaem yucno HENOABUXXHbIX TOYEK ANA OCeBOIA CUMMETPUN. To ectb
KONMN4eCTBO PaCKpPACOK, CUMMETPUYHbIX OTHOCUTENBHO p,aHHOﬁ ocn.

» Mpu n =2m — 1 nobas ocb CMMMETPUN NPOXOANT Yepes OAHY U3
oTMeyeHHbIX Todek. OcTanbHble 2m — 2 To4ky pa3bueatoTcst Ha napel
CUMMETPUYHBIX. TOYKM B KaXKAol nape A0JKHbI ObITb O4HOTO LBETA.
NToro, Ham HyXHO BbIbpaTb LBETa M TOYEK: MO OAHOWR TOYKE B KAXKAON
nape u TOYKW, Nexalleld Ha ocn cumMeTpumn. Takux packpacok a.

» [pn n = 2m ocn cummeTpun BbIBalOT ABYX BUAOB: n/2 Oceii He NPOXoasaT
yepe3 OTMEYEHHBIE TOYKN U N/2 NPOXOAAT Yepes3 fBe OTMEYEHHbIE TOHKN.
B nepBom cnyyae packpacka ogHO3HA4yHO 3afaeTcsi BbIOOPOM LBETOB m
TOYeK, a BO BTOPOM — BbIbopom useToB m + 1 Toukn. To ecTb B NepsoM
cnydae nosnyydaem a” packpacok, a Bo BTopom — amtl.



3apayva ob oxepenbe: obwuii cnyyaii

e Toraa npu n = 2m — 1 nony4yaem, 41O

n—1
B(n, a) = 2ln<z alkn) nam) =3, 2 e(g)a + 5.

d|n

e Anpun=2

8(0.9) = 3

m nony4aem

-1
S alkn) 4 8gm 4 agm+l
k=0

>=21,72 p(g)a’ + G
d|n
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e Beegem cnepyrouime obosHaueHusl.

Mepevncnenne

HEMOMEYEHHbIX
» G, — 4nNCNo NOMeYeHHbIX rpachoB Ha N BEPLUMHAX; Brorron.
> gn — 4ucno rpadhoB Ha N BEPLUMHAX C TOYHOCTLIO 10 n3omopdusma. A.B.Macrop

n(n—1)

e Mbi yxe 3Haem, 4to G, =2~ 2 .
e OkasbiBaeTcsi, 4TO g, NPUMepHO B n! pa3 MeHblue.
» HedropmanbHo 3To 03HavaeT, 4To NoyTK y BCEX rpadpoB rpynna
aBTOMOPN3MOB TPUBMANbHA (T. €. COCTONT M3 €ANHCTBEHHOMO 3JIEMEHTA:
TOXAECTBEHHOrO MpeobpasoBaHus).

Teopema
c 2n(nfl)
2
&n ™~ Tf = nl

Jokasatensctso. MycTb G, — MHOXECTBO BCEX MOMEYEHHbIX rpados
Ha MHOXecTBe BepwmnH V = [1..n].
e Kak n paHee, paccMoTpuM cnegytolee AeiicTeue rpynnel S, Ha MHOXecTBe G:

> ans nobeix o € S, u H € G, obosHaumm yepes o H rpad ¢
V(cH) =V n E(cH) = {o(x)o(y) | xy € E(H)}.



AcumnTtoTuka 4ncna rpacdoB C TOHHOCTbLIO 40 usomopdpusma Avckperras

MaTemMaTuKa.

e Ham Hy)XHO nocymTaTb YMCNO HEMOABVXKHBLIX TOHEK ANt MEPECTAHOBKU 0 € S, ne::f:jni;me
(2) HEMOMEYEHHbIX

e [lns sTtoro paccmoTpum MHoxecTBo V<) ABYXaneMeHTHbIX NOAMHOXECTB obbekToB.

MHO>XECTBaA V. A.B.Mactop

» [pyrumn cnosamu, V(2 — 510 MHoXecTBO pebep nonHoro rpaca K, Ha
MHOXeCTBe BepLUnH V.

e 3ameTum, 4To rpynna S, AelicTeyeT Takxke u Ha MHoxecTse V(2
o Xy e o(x)o(y). Tem cambIM, Kaxxaasi NepecTaHoBka o € S, UHAYLMpYeT
nepectanoeky o’ € S(V(?), a rpynna S, unayumpyet noarpynny s < S(v@),
COCTOSILLYIO U3 BCex nepecTaHoBok mMHoxectsa V(2 Bupa o’

» [pynna 5,(,2) Ha3bIBAETCA MapHO rpynnos rpynnel S,.

» ®dakTuyeckun, Mbi noctponnu romomopdusm rpynn S, — S(V(2)),

pynna S,(,2) — 370 0bpa3 gaHHOro romomopdr3ma.

» HetpyaHo nposeputs, 4to npu n > 2 rpynnbl S, v s N30MOPHbI.
e [1ns nepectaHoBKM 0 € S, Hac BygyT MHTEPECOBaTb LMKJ/bI COOTBETCTBYIOLLENA
eli nepecTaHoBkn o’ € 5,(72). ITu uukbl Mbl Bygem Ha3blBaTb pEGEPHbLIMU
LMKAaMV NEPECTaHOBKN .



AcnmnTtoTuka 4mucna rpad)os C TOYHHOCTbKO A0 msomopdamsma

e 3ameTum, 4to rpadp G € G, ABNSETCS HENOABUXXHOW TOYKOW AJ1s

NepecTaHoBKN o € S, eCnn 1 TONbKO ecan ans nboro pébeproro uukna C

nepectanoskn o nnbo C C E(G), nmbo C N E(G) = 2.
o Tem cameim, |Fix(o)| = 29(9), rpe g(0) — uncno pébepHbix LnKIOB
MepecTaHoBKM O.
e Torga no nemme BepHcaliga, g, = % > 2a(7)

’ 0'65[1
e Ob6o3Ha4MM Yepes S, x MHOXECTBO NEPeCTaHOBOK U3 S,, UMEIOLLNX POBHO
n — k HEMOABMKHBIX TOYEK.

(k) _ 1 = (k)
o Myctb gn) =4 > 29(9). Torpa g, = kZ gy
=0

O’ESn,k

n(n—1)
» OueBngHo, 4Tto g,(,o) = %2 2

(0)

» To ecTb HaM HY)XHO A0OKaszaTb, YTO gy ~ &n
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ﬂeM Ma Mepevncnerne

Ecnm o € Spx, 10 q(0) < C2 + %(k — nk + %2) " oonexron.

- A.B.MacTtop
ﬂ'OKa3aTeﬂbCTBO. I-IYCTb nepecTtaHOBKa o NMeEET t pe6epr|X LNKNOB OJNHbI ].

n(n—1)
° Torp,a OCTaBLUMNECA -5

ONHBI XOTS BbI 2.

— t nap BepwunH pasbuTbl Ha pébepHble LKL

" -1
e CnepgoBaTenbHO, PEBEPHBIX LMKIOB AJMHBI XOTA bbl 2 He Bonee ”("4 ) %

e D70 o3Hauvaer, 4to g(0) < "("4_1) —Iyt= ”(”4_1) + £

e OcTtanock 3aMeTuTh, 4TO pEBEpPHBIMU LMKAaMU ANUHBLI 1 NepecTaHoBKMN o
MOryT DObITb SnLWb

(n—k)(n—k=1)y.
> nNapbl U3 ABYX HEMOABMXHbIX TOHYEK NepecTaHoBkN o (X ———5——);

> napbl BepLUNH, 0OPasytoWmMX LKA ANNHBI 2 NEePecTaHOBKU O
(ux He Bonee, yem %).

e /toro, t < 7("_“(;_’(_1) + 5 = "2*2”k+2k2*"+2k = ”(”2 1) + (k — nk + )

n(n 1)

e Takum obpasom, g(o) < +5< ”("2_1) + 3(k — nk + %) O
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|
] 3aMeTV|M, 4TO ‘Sn’k| S C’{'( k= (nzk)l S nk. Hezgr:::::.blx

1 K k k A. B.MacTo
e Torpa g,(,k) < %\Sn’k|2C3+§(kfnk+7) < g,(,o)nk2§(1*”+§) _ P

k k k
— gl <"> < gl® <”> — g© 2\
23(n-1-3) ) ~ 2"% 2%

nv?2 1
<

n
e CnepoBaTenbHo, 1 < L <>

(0) 2ﬂ B nV2 n—oo
k=0 4 — hve
8n 1 o7
® TOI'p,a no TeopemMe O ABYX MUANLUMNOHEPAX i _ 1,
gr(10) n—00
a 3TO N O3HAYaEeT, 4TO
n(n—1)
©_ Gn_ 2>
8~ & = = |
n: n:



