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OcHoBHbIe KOM6I/IHaT0prIe H4ucna: 4Hucino pa3meu.|,eHvu7| (AP ER]

MaTemaTumKa.
naea 3.

* Yucno pasmeryeHuii U3 n 3IEMEHTOB N0 k — 3TO KO/IMYECTBO Snemarmapran
nocnei0BaTeNlbHOCTEN ANMNHbI k, COCTABMNEHHbIX U3 Pa3/IMYHbIX 3/1EMEHTOB KomBukaTopHKa.
n-371EMEHTHOTO0 MHOXecTBa. O603HaqaeTcst A, FelElbE e

* 3TO YNC/IO0 MOXKHO MHTEPMNPETUPOBATL Kak
> UNCNO UHBEKTMBHBIX 0TO6paxkeHuin f: [1..k] — [1..n];

» UMC/IO CMOCOBGOB PA3NOXKUTL k LIAPOB MO n ALMKaM (LLapbl UMEKOT HOMepa
0T 1+ k, AWMKN — 1 = n, B ALWMK NOMeLLAeTCs He 6osiee OHOTO Lapa).

* Yucno pasmelyeHnii ¢ noBTopeHnsMy U3 n 3N1EMEHTOB N0 k — 3TO KO/INYECTBO
MoC/el0BaTeNbHOCTEN [/IMHbI k, COCTAB/IEHHBIX U3 3/1EMEHTOB N-3/IEMEHTHOIO
MHOecTBa. O6o3HadaeTcst AX.

* 3TO YNC/IO MOXKHO MHTEPMNPETUPOBATL Kak
> 4NCNO OTOBpaXKeHwid f: [1..k] — [1..n];

» UMC/IO CMOCOGOB Pa3NOKUTL k LIAPOB MO n ALMKaM (LLapbl UMEOT HOMepa
oT 1+ k, AWMKN — OT 1+ n, B AWK MOXKHO K/1acTb Nt060e YMC/O LIApOoB).

* Mbl y>ke AoKasbiBanm, 4o AK = n(n—1)...(n— k + 1) u Ak = nk,



OcHoBHbIe KOM6I/IHaT0prIe 4yucna: YUCao coYveTaHwui (AP ER]

MaTemaTuKa.

e Yycno covetaHunii U3 n 3NEMEHTOB MO k — 3TO KOMIMYECTBO k-3/1EMEHTHbIX fnaea 3.

DnemeHTapHas

NOAMHOXECTB B n-3MeMeHTHOM MHoXecTBe (rae 0 < k < n). KomGuHaTOPUKa.

- BO3MOXHble 0603HaueHusi: CX um (7). A8 facrop
* OTO UNC/I0 MOXHO MHTEPMNPETUPOBATL Kak
> YMC/I0 CTPOr0 MOHOTOHHO BO3pacTaroLWmX PYHKUMIA f: [1..k] — [1..n];
> YMC/IO CMOCOBOB PA3NIOKUTL k OAMHAKOBbLIX LLIAPOB MO n MPOHYMEPOBAHHbLIM
AMKaM (B KaXbli ALLMK NOMeLLaeTcs He 60siee 0fHOrO Luapa).

Teopema
k _ n!
G = W

[okasatenscTso. MNyctb | X| = n.

cEctb AK=n(n—1)...(n—k+1) = (nf—'k), Cnoco6oB BbIOPaTH
nocnefoBaTelbHOCTb U3 k Pa3/IMYHbIX 3/1EMEHTOB X.

= Kaxjas Takas nocnefoBate/bHOCTb 3aJaeT k-3/IeMEeHTHOe NOAMHOXKeCTBO X.

= Kaxk/j0e NOAMHOXECTBO NOCHUNTAHO k! pa3 16O ero 31eMeHTbl MOXKHO

ynopagounts k! cnocobamu. MToro, kl( 7y Pa3NMHHbIX NOAMHOMECTB. O



OcHoBHbIe KOM6I/IHaT0prIe 4yucaa: YMCNo coYeTaHui C noBTOpPEHNAMU

® Yucno couetaHuii ¢ noBTopeHnsMy U3 n 3NEeMEHTOB N0 k — 3TO KOJIMYECTBO
HeynopsLoYeHHbIX HAboPOB M3 k 3/1EMEHTOB N-3/1EMEHTHOI0 MHOXeCTBa (B
OT/INYUM OT MHOXKECTBA, B Habope OAUH U TOT ke 3/1EMEHT MOXKET BCTpeyvaTbcs
HECKO/bKO pas3).

= BoaMoxHble 0603HaqeHnsi: CX uan (7).

= 3TO YMC/I0 MOXKHO MHTEPMPETUPOBaTL Kak
> YMC/I0 HECTPOr0 MOHOTOHHO BO3pacTatowmx yHKUWiA f: [1..k] — [1..n];
> YMC/IO CMOCOBOB PA3NIOKUTL k HEPa3NINYMMBIX LLIAPOB MO n ALMKAM
(B SILLMK MOXHO KNacTb N060e YMC/O LLApOoB);

» 4unCno cnocobos BblbpaTh k NpPeaMeToB, ecv eCTb NPeaMeTbl n TUMNOB
(Ha cknage ecTb X0TA Obl N0 k NPeAMETOB KaXKAoro Tuna;
npeaMeTbl OAHOro TUNa abContoTHO HEPa3INYMMBI).
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CDoplvlyna Aana ducna coyeTaHui c noOBTOpPEHUAMU

Teopema

~ko_ k
G Cn+k 1= “ngk-1
Jlemma
Hucno pewennii ypagHenns ty + tp + ...+ t, = k (1)
8 No pasHo CK.
[JokaszaTensctBo. MycTb X = {x1,x2,...,Xn}.
e CTpouMm BUEKLMI0 MeXY peLLeHVsIMK ypaBHeHWs (1) 1 Heynopsig0HeHHbIMU
HabopaMu U3 k 3M1eMEHTOB MHOXecCTBa X.
= Kaxgomy peleHnio (ty, ta, ..., t,) CTaBUM B COOTBETCTBME HAOOP, COCTOALLMIA
U3 t; 3K3EMMNSIPOB 3N1EMEHTA X1, tp IKIEMMNSPOB X2, . .., t, IKIEMMNISPOB X),.
= O6paTHO, KaXKaoMy Habopy 7 CTaBiM B COOTBETCTBUE pelleHue (ti, ta, . .., ty),
rfae t; — YMCno 3K3eMNAAPoB x; B 7. O
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CDoplvlyna Aana ducna coyeTaHui c NOBTOPEHNAMU:. 0,0KA3ATENIbCTBO

[lokazaTenbCcTBO TEOpeMbI.
e PacnonoXxvm B psag k LWapuKoB U n — 1 neperopoaky.
k o
= Becero ectb Cf, , ; Takux pacnonoXeHni.
* O603Ha4MM Yepes3 t; YMC/IO LLAPUKOB A0 NEepPBOI NEPEropoaKu; to — MeXay
nepBoii 1 BTOPOW Neperopogkamu; ... ; t, — nocne (n — 1)-i neperopogku.

* Monyyaem GMEKLMIO MEXAY peLleHnsiMU ypaBHeHNs (1) 1 Takumu
PaCoNOXXEHUAMM LLIAPOB 1 NEPEropooK.
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CeoiicTBa uncen co4etaHuii

b Ck Cn k (0‘-I€BI/I,D,H0) KOMBUHaTOpUKa.
k 1 ACTO|
. nJ—:l — C,l,(-i- C,l7<+1_ | A.B.Macrop
[Nokasatensctso. CK + CHH1 = kl(n ot (k+1)](’}7'7k71)! =
n!-(k+1) + n!-(n—k) nl-(n+1) Cck+1 0
= (k+1) (=K T (kFD)I(n—k)T — (k+D)I(n—k)T — “n+1-
[Jpyroii cnoco6 fokasatenbetsa. Myctb X = {xo, x1,. .., Xn}-

» (k + 1)-anemMeHTHble nogMHOXecTBa X OblBAtOT ABYX BUAOB:
cofepxaLlime xp U He CofiepXKaLLme xo.

» Ecm xg £ SC X, 705 C X' = {x1,...,x,}. Takux nogmHoxkects C<+1,
» Ecnm xg € S C X, To yganum xp 13 S. Monyunm nogmHoxkecTso S’ € X/,
rae |S'| = k. Takux nogmHoxecTs CX. O

BonbiumkcTso cooTHowennii Ha CX umerot kak anrebpauyeckoe,
Tak u KOMbUHATOPHOE [OKA3aTeNbCTBO.



HAuckpeTHasn
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naea 3.
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CeoiicTBa uncen co4etaHuii

e TpeyronbHUK lNackana KoMBUHaTOPMKa.
1 A.B. Mactop
1 1
1 2 1

e kCk = nCr}

,DIOKa3aTel'IbCTBO.
Anre6pav|qecxvr (n 1)

n! —1)! k—1
kCy =k Jsn = DR = 1 DDy = "Cant

KombuHaTopHo: Kak B NeBOiA, TaK 1 B NPaBOiA YacTy (hOpPMY/ibl 3an1caHo YnCo
k-3NeMeHTHbIX NOAMHOXECTB n-3/1EMEHTHOr0 MHOXKECTBA, B KOTOPbIX OfMH
3/1EMEHT OTMEYeH. O



CsoiicTBa 4uncen co4etaHui R

MaTemMaTuKa.

+ B Hotorore) (s + 7 = 55 Char-tbt
Joka3aTenbLCTBO. A.B.Mactop
» (a+b)"=(a+b)(a+b)...(a+ b);
n CKOBOK

» cnaraemoe a"~* bk nonyuaetcsa, ecnm U3 k ckoboK BbIOpaTh b, a U3
OCTa/lbHbIX — a.

» 3T0 MOXHO caenatb CX cnocobamu. O

= [pyroe HasBaHue uncen CX — burommanshbie koschcpuLmenTe.

CO+Clv...+Cr=(1+1)"=2n

> KOIVI6|/|HaTOpHO€ [00Ka3aTe/IbCTBO: B NEBOW U B ﬂpaBOl\;l 4acTn 3anmcaHo
4ncno NOAMHOXXECTB n-3/1IEMEHTHOIo MHOXXECTBA. L]

CA-Cl+...+(-1)"Cr=(1-1)=0.

CO+C2+...=Ct+C3+...=2"1,



CsoiicTBa 4uncen co4etaHui R

MaTemMaTuKa.

Dokaxem popmyny C? — C + ...+ (—=1)"C" = 0 KOMBMHATOPHO. o

DnemeHTapHas

[okazatenbcTBo. Jokakem, uto CO+ C2 +... = CL+ C3 + ... S
A.B.Macrt
e NyeTb X = {xq,...,%n}. e

e [oCTPOMM BUEKLMIO MEX/Y BCEMMU YETHBIMU W BCEMI HEUYETHbLIMM
nogMHoXecTBamm X.

- Nycts £(S) & { SSL\J gﬁ: );: i g

= Monyuaem oTo6paxkeHue f: P(X) — P(X), obnagatoLiee cneayoLmm
ceoiictBoM: VS (f(F(S)) = S).
» OTo6paxeHve, obnagatoLlee TaKMM CBOMCTBOM Ha3bIBAETCA MHBOJIHOLUEN.
» B uacTHocTK, 3TO 03HauaeT, yTo f 06paTHO camomy cebe, CneaoBaTeNbHo,
f — 6uekums.
 [pun atom, |S| n |f(S)| BCerga MEIOT pasHyto YeTHOCTb.

e TakuM 06pa3oM, f Takxke 3aaeT GUEKLIMIO MeX/y BCEM YETHbIMU 1 BCEMM
HEYETHbIMM NOAMHOXeCTBaMU X. O



MynbTuHoMUanbHble K03y meHTbI N IEEER:

MaTemaTumKa.
naea 3.
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Onpepgenexne Y

Nyctb n=ki+ko+...+km, tae me N W n, ki, ko, ..., kp, € Ng. Torga umncno A.B.Mactop
cnoco6oB pa36V|Tb n-3N1eMeHTHOe MHOXECTBO X Ha m HenepecekarLnxca

MOAMHOXECTB X1, X2, ..., Xm, 1€ | Xi| = k;, 0603HauaeTCS (k1,k2,,7...,km) "

Ha3bIBAETCHA MY/IbTUHOMUATBHEIM KOIGPDULNEHTOM.

(Apyroe Ha3BaHWE: MOAUHOMUATIbHBIN KO3GhhULINEHT.)

Teopema

n B n!
kivka, ... km)  kilko!. . k!’
JokaszaTtenbcTB0. ECTb n! cNoco6oB ynopsaounTb 3/1EMeHTbl MHOXeCTBa X.

e 1N KaXAoro cnocoba, noMeLLaem nepsble ki 3NEMEHTOB B Xi; cneaytowme ko
3/IEMEHTOB B X, U T. .

 Monyyaem pasbmeHne X Ha NOLAMHOXECTBA HYXXHOI0 pasmepa.
e Kaxxoe pa3bueHne nocumTaHo kilko!. .. k! pas. O



0606LLeHHbIF BuHOM HbloToHa Anckperhas
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A.B. Mactop
Teopema

n o .
(a1+ax+...+am)" = Z <k P k)allazz...am,
Kothobodkmen N Ls K255 Km

JlokasatenibCTBO. AHa/IONMYHO foKa3aTe/ibcTBy buHoma HbloToHa.

« [pn packpbITUM CKOBOK Claraemoe a’l‘1 a§2 ... akm nonyvaetcs, ecnm BbIGPaTH
U3 ki CKOBOK Craraemoe ap, U3 ko CKOBOK Claraemoe ao, ..., U3 k,, CKOBOK

cnaraemoe ap,.

e Takoli BbIGOP MOXHO cAenaTb B TOYHOCTU ( ) cnocobamu. O

n
ki, ko, ..., km



dopmyna BKAKOYEHUR-NCKAKOYEH NI Avcrpernan
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|_|pVIMepr A.B. Mactop

1. MycTb A, B — KOHe4yHble MHOXeCTBa. Torga

IAUB| = |A|+|B| — AN BI.

2. Myctb A, B, C — KOHeYHble MHOXKecTBa. Torga

JAUBUC| =
=|A|+ |B|+|C|—|ANB|—|BNC|—|CNA+
+|AnBNC|.



dopmyna BKAKOYEHUR-NCKAKOYEH NI ANTEEER:

MaTemaTuka.
naea 3.

Teopema (Popmyna BKAOHEHNIA-NCKIIOYEHWT) STAEET
llyctb A1, ..., Ay, — KOHe4YHble MHOXeCTBa. Torga A.B.Mactop
n
Ual= > ﬂA,-]. @
i=1 @#IC[1..n] i€l
[lokasaTenbcTBO.
» [ycTb x € A, ..., Aj, U X He NPUHAANEXUT OCTA/IbHbIM A;.

» Torga x yuutbiBaeTca B cpopmyne (1) ¢ koadhprLmeHToM

d (-1 =1

k
(=1



Ddopmyna BKAKOYEHUNA-UCKAOHEHW

Cnepcrsue (gpyrasi doopmyimpoBka opMyIibl BKITKOHEHUA-NCKIOHEHNA)

Mycts X — koHe4Hoe mHoxecTBo, |X| = N;
e P1,..., P, — cBoiicTBa snemeHToB MHOXecTBa X (T. €. OHOMECTHbIE
npeaukatsl Ha X);
e N i — umcno anemenTos, yaosnetsopsowmx P, ..., P ;
e N(0) — ymncno snemeHTOB, HE yAOBAETBOPSIOLNX HU OBZHOMY CBOJCTBY.
Toraa
NO)=N=> Ni+ > Npj—
i i<ip
oot (—1)k Z Nip i+

i<...<ig

A (=1)"Ny

i)
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CybdpakTopuans! (3agaqa o becnopsigkax)

Onpepgenexne

L4 ﬂepeCTaHosKoﬁ Ha MHOXXecTBe M Ha3blBaeTcH npon3BoJibHasA 6|/|eKU,l/1ﬂ
o M — M.

e HenoasuxHoli To4Ykosi MEPECTAHOBKN ¢ Ha3bIBAETCSA TaKOM aNeMeHT x € M,
uTo o(x) = X.
= S, — MHOXeCTBO BCeX MepecTaHoOBOK Ha [1..n].

3ameyvaHue
Mbl 3Haem, yto |S,| = n!.

Onpegenexne
D(n) — 4ncno nepecTaHOBOK U3 S, HE UMEIOLLMX HEMOABMXKHBIX TOYEK.

HAuckpeTHasn
MaTemaTumKa.
naea 3.
DnemeHTapHas
KoMbBuHaTopuKa.

A.B. Mactop



HAuckpeTHasn
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CybdakTopuansi: pekyppeHTHas dopmyna

DnemeHTapHas
TeOpeMa KoMbBuHaTopuKa.
D(n+1) = n(D(n)+ D(n— 1)) A.B. Mactop

[lokazaTenbCTBO.
» Nyctb 0 € Sp1; k=0o(n+1); £ =0"1(n+1).
» B03MOXHbI aBa cnyyas: k # £ uim k = /.
1° Tycts k # L.
k x =/

9

e Torga o/(x) Lot { o(x), x# L _ nepectaHoBka u3 S, 6e3 HenmoABMXKHbIX
TOueK.
o Ins kaxxgoro k € [1..n] ectb D(n) Takux nepecTaHOBOK.
2° Tyctb k = L.
e Torpa o/[1..n\{k} — nepectanoska Ha [1..n] \ {k} 6e3 HenoaBUKHBIX TOHEK.
o [lns kaxxgoro k € [1..n] ectb D(n — 1) Takux nepecTaHOBOK.
» WToro, nonyyaem nD(n) + nD(n — 1) nepecTaHOBOK 6€3 HEMOABMKHbIX
TOYeK. O



CybdrakTopuansi: sieHas dopmyna Byersames

MaTemaTumKa.
naea 3.
DnemeHTapHas

BaMeL{aHWe KoMbBuHaTopuKa.
.D.I'IFI 00bIYHbIX (*)aKTOpVIaJ'IOB BbIMNO/IHAETCA TakKoe >Xe COOTHOLLEHWE: A.B.MacTop

(n+1)!=n(n'+ (n—-21)").
Moatomy uncna D(n) Ha3blBalOT cybghakTopmanamum.
Teopema
n

_ (-1

D(n) = n! Z BT
k=0

[Jokaszartenscto. Myctb X = S,.

* P; — CBOIACTBO “o (i) = i” ANA NEPecTaHOBKUN o € S,.
e Torpa N=n!'w Ny =(n—k).

k
= Mo chopmyne (2) umeem: D(n) = Xn: (—=1)%(n — k)!ICk = n! Zn: (*kll)k. ]
k=0 k=0




CybdrakTopuansi: sieHas dopmyna Byersames

MaTemMaTuKa.

Mnaea 3.
Cnencteue comgmaromnea,
D(n) = round(Z'), 6onee Toro, |D(n) — 2| < ﬁ B Bl
o0
[oka3atenscTB0. HanoMHum, 4to e* = >° i—k, Torga
k=0
[ee) _1)k n 1)k [e'e) 1)k
oi!_ (kl) :n!Z(k!) +n| E (k!):
1 £+1 )
= D(n) + (-1 )”*12( G
o 1)Z+1nI _ 1 1 .
= |D(n) — | | Z T | = ‘n-i—l G2 T D)3 b

- e+1 n! n! n! n! .
(n+£)' - ((n+1)1 B (n+2)!> + (m - m) +...>0;

M

o ( 1“1”' _ 1 n! n! n! n! 1
Z (n+e)' = k1 ((n+2)! - (n+3)!) - ((n+4)! = (n15)] ) < U




®PyHkuua diinepa Auckpertas

MaTemaTuka.
naea 3.

Onpepenetine Sremerrapran
L d HaTypaanble yucrna a n b Ha3bIBaKOTCA B3avUMHO npocCTbIMU, ec/un y HUX HEeT A.B. Macrop

06LLEr0 HaTypasibHOro AENNTENS, OT/INYHOTO OT eAVHNLIbI.

b QD(I'I) — KO/IMYECTBO HaTypa/ibHbIX YMCEN, MEHbLLE nmbo paBHbIX n N B3aUMHO
npocTbIX € n (pyHkymnsi Siinepa).

Teopema
Mycte n = pi* ... p2s (rge pi,...ps — pasauyHble MPOCTbIE U 31, .. .,ds —
HaTypanbHble yncna). Torga o(n) = n(1 — %) (1= i)
[JokazatenscTso. Myctb X = [1..n].
e P; — CBOWCTBO “x : p;” ANns umcna x € X.
e Torpa N ., = m.
Mo dhopmyne (2) nmeem:
n

p(n)=> (D > ot =n1-21)..(1-21) 0
k=0 1< <ir<...<ix<s Piy Pia--Piy P1 Ps



Yucno CHOPBHEKTUBHbIX OTO6pa)KeHVIVI

Teopema
n

Yucno cropwekTuBHbix oTobpaxenuii f: [1..k] — [1..n] pasHo Z(—l)”_sCﬁsk.

s=1
JlokasaTenbCTBO.
 MycTb X — MHOXeCTBO Bcex oTobpaxkenuin f: [1..k] — [1..n].
= P; — cBoiicTBO “f ~1(i) = @” mns oTobpaxkeHusi f € X.
» Torga N = |X| = nk;
» N i, = (n—£)k — KonnYecTBO hyHKLWIA, YAOBNETBOPSIIOLMX AaHHBIM £
CBOICTBaM.
» f € X — clopbekuyns < f He yL0BMETBOPSET HY OLHOMY U3 CBOWCTB.
CnepoBaTesibHO, Yncno cropbekumini pasHo N(0).
« o dhopmyne BKIHOYEHNIA-UCKIOYEHNI UMEEM:
n

n

NO) =D (-1)Cin—0)k = (-1)"*Czs~.

(=0 s=1
(MocnefHee paBeHCTBO MOMYYEHO 3aMEHOM NepemMeHHoON s = n — £).
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